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Aim. To elaborate the theory of longitudinal vibrations of a solid elastic body with one fixed end in the elastic
medium. The example of such a body may be found in a sugar beet root in soil, the latter being elastic medium.
Methods. The principle of stationary action of Ostrogradsky-Hamilton and the Ritz method were applied in the
work. Results. The Ritz method was applied to obtain the Ritz frequency equation for the oscillating process
under investigation. The analytic expressions were defined to determine the first and second eigenfrequencies
of vibration and the amplitude of constrained vibrations of any of its cross-sections. The values of the first
and second eigenfrequencies of the elastic body under investigation with specific geometric and physical pa-
rameters were found. The dependency diagrams for the first and second eigenfrequencies on the coefficient of
elastic contraction of soil as the elastic medium, and the dependency diagrams for the amplitude of constrained
oscillations of the mentioned body on the coefficient ¢ of elastic deformation of soil and the distance of the
cross-section of the body from the conditional point of fixation were drawn. The dependency diagrams for the
amplitude of constrained oscillations of the elastic body on the change in the amplitude and the frequency of
perturbing force were obtained. Conclusions. The impossibility of resonance occurrence was substantiated as
the frequency of the perturbing force cannot equal the frequency of eigenvibrations of the elastic body due to
technological and technical reasons. It was proven that the breaking of the elastic body is impossible with lon-
gitudinal deformations due to the shortness of the amplitude of longitudinal vibrations of the mentioned body.

Keywords: solid elastic body, elastic medium, functional of Ostrogradsky-Hamilton, longitudinal vibrations,
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INTRODUCTION

When harvesting the sugar beet we always tried to
avoid those problems that could break the beet roots in
the process of digging them from the soil, disrupt their
outer surface or cause their total damage, as well. If
mentioned problems persist then they are accompanied
by a significant loss of the harvest.

In particular, during the excavation of beet root from
the soil by vibrations we can, with a given degree of ac-
curacy, represent it as a resilient rod with one end fixed
in the elastic medium and the rod is exposed to vibra-
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tions that are arising from working tool. What is more
and very significant, the soil surrounding the roots, is
also an elastic medium.

Fundamental analytical study of transverse vibra-
tions of the body of the root was performed and pub-
lished in [1]. Here the sugar beet root crop was simu-
lated as a body of conical shape with one point fixed at
the bottom and that has elastic properties. In this case,
the transverse vibrations of the root body are described
by differential equation with partial derivatives of the
fourth order. The solution of this equation made it pos-
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sible to determine the natural frequencies of free trans-
verse vibrations of a root crop body. Directly, the pro-
cess of extracting sugar beet roots from the soil, in this
paper, is investigated further via composition of addi-
tional equations of kinetostatics, which allowed, with a
certain degree of accuracy, find the conditions for the
complete extraction of the root from the soil.

However, from constructional and technological
point of view, the extraction of beet root from the soil
in the good quality level, with the usage of transverse
vibrations, proved impracticable. And that has stimu-
lated the use of devices that provide the transfer of
vibrations through the beet roots in the longitudinal
vertical plane.

Fundamentally new formulation of the theory of
vibrating excavation of beet roots from the soil when
applying perturbing forces, namely in a longitudinal
vertical plane, was published in papers [2—4]. The case
of free and forced transverse vibrations of the body of
the root when matching directions of perturbing forces
with the direction of translational motion of a vibrating
digging up the working body is published in the works
[5—8] and is of interest both from theoretical and prac-
tical points of view.

To consider the more general problem about longi-
tudinal vibrations of a continuous elastic conical body,
fixed in an elastic medium.

MATERIALS AND METHODS

The problem is solved on the basis presented in pub-
lications [9—12], means, on the general theory of vibra-
tions of straight rods with variable cross section. Also
was used the methodology of research of mechanical
systems, that is widely presented in [13, 14].

RESULTS AND DISCUSSION

We will consider such case when vibrational motion
to the said body will be exerted in a longitudinal verti-
cal plane. This position will corresponds to a situation
in which vibrational forces of the harvesting machine
will be applied on the both sides of the root (which is
initially in the undisturbed soil) and during its extrac-
tion from the soil.

For the study of oscillations of holonomic systems
with infinite number of degrees of freedom apply the
principle of stationary action of Ostrogradskij-Ham-
ilton [9]. In the theory of longitudinal, torsional and
transverse vibrations of straight rods are used function-
als Ostrogradsky-Hamilton, which in the most general
form looks like (see [9]):
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where L = T — II means Lagrange function; 7 is the
kinetic energy of the system; /7 is the potential energy
of the system.

Using the principle of Ostrogradsky-Hamilton, ex-
plore the longitudinal vibrations of an elastic solid
body, occurring under the action of vertical perturbing
force, which varies according to a harmonic law, such
as the following:

0 dﬁ(t) = Hsinwt, (2)

where H is the amplitude of the perturbing force; w is
the frequency of the perturbing force.

As we can see from the composed equivalent scheme
(Fig. 1), the continuous elastic body is a crop root that
has a conical shape (the angle at the vertex equal to 2y,
and the upper part is slightly higher than the soil sur-
face), is modeled as a rod of variable cross-section with
a fixed bottom end (point O). At the center of gravity,
which is indicated by the point C, is applied force G—
body weight. Total length of the body is 4. The con-
nection of the body (the crop root) with the soil is de-
termined by the total soil reaction R,, which is located
down along the x-axis.

The above mentioned perturbing force QM is applied
to the body directly from its two sides, so in the dia-
gram it is represented by two components O, and Q..
These forces are applied at a distance from the origin
(point O) and they cause vibrations of the body (the
root) in a longitudinal vertical plane, which disrupts its
connection with the soil and create conditions of the
extraction.

We form the Ostrogradskij-Hamilton’s functional S for
the vibrational process, which is being explored. With
this aim we will introduce the necessary notations:

F(x) — the area of the cross-section of the body at
any point, which is at a distance x from the lower end
(m?);

E — Young’s modulus for the material of the body
(N/m?); y(x, t) — longitudinal displacement of any cross-
section of the body at the time ¢ (m); O(x, f) — the intensity
of the external longitudinal load directed along the axis
of the body (N/m); p(x) — momentum of the body (kg/m).

According to [9] the functional of Ostrogradskij-
Hamilton for longitudinal vibrations of straight bars is
as follows:
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s=1 ;£7[#(x)<g—¥)2— EF(x)(%)Z F 0@ |ddr. (3)

We will find the expression of all the quantities in the
functional (3). Considering that the body has a conical
shape, we find that its cross-sectional area at a point
which is located at any distance x from the point O, is
equal to:

F(x) = nx’tg?y. 4)

Evidently, the momentum of the body can be deter-
mined using following expression

p(x) = prax’tg?y, ®)
where p is the density of the body (kg/m?).

Since the quantity Q(x, ) which is the part of the
functional (3), is the intensity of the distributed load
(measured in (N/m)), the perturbing force should have
a dimension of the intensity of the load. Using the first-
order impulsive function o (x) [9] we can determine the
intensity of a concentrated load, and thus incorporate
concentrated forces in the load (distributed along the
length).

If O dﬁ(t) is concentrated perturbing force applied at
the point x; and is measured in N (Newton), then the
function:

dej(‘xa t) = Qdf;(l)' O'I(X*.Xl), (6)

is measured in (N/m) and expresses the intensity of the
concentrated load at the point x;.

Function o (x—x,) will be equal zero for all x, except
X = x,;, where it goes to infinity.

If the perturbing force varies according to equation
(2), then in accordance with the equation (6) can be
written:

Q,x, )= Hsinwt" o (x—x;). @)

Since continuous elastic body is connected with
the soil, which is also an elastic medium, then dur-
ing the action of disturbing force (2) arises the force
of soil resistance against displacement of the body
which is doing vibrations. This force also affects the
process of natural vibrations of the body in the soil,
especially in the beginning of the oscillatory pro-
cess, while body’s connections with the soil are not
broken yet.

It is obvious that the power of resistance of the soil
(for the whole body) represents a distributed load on
the area of the contact of the body with the soil, and
therefore we can determine its intensity as the force of
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Fig. 1. The equivalent schema of longitudinal vibrations of
the cone-shaped elastic body in an elastic medium

the soil resistance against the displacement of a unit
length of the body.

Let c is the coefficient of the elastic soil deforma-
tion (ratio of the first coefficient of Winkler to the area
of contact (N/m?). Then the intensity P(x, ¢) of the re-
sistance of the soil against the body displacement at a
point x will be equal to:

P(x, t) =2mex-tgy-y(x, 1). (8)

Thus, we will have this relation for the longitudinal
external load:

O, =0, (x, )~ P, 1).

Considering expressions (4), (5), (7) and (8), the
functional of Ostrogradskij-Hamilton (3) will have the
form:

Lh
2, 2 a 2 2 2 d 2
S =%;£f{p-7rx tg y(a—i})—Enx tgy (d_i) +

©)
+ Hsinwt-o,(x—x,)y(x, ) — 2mex-tgyy’(x, t)}dxdt.

To find the eigenform and frequencies of longitudinal
vibrations of the body in the soil we apply the method
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of Ritz [9]. According to this method, we will search
harmonic longitudinal vibrations of the body in this
form:

Y(x, 1) = p(x)sin(pt + a), (10)

where ¢(x) is eigenform of major vibrations; p is ei-
genfrequency of major vibration.

Because eigenforms and eigenfrequencies are as-
sociated with the free vibrations of the system, it is
necessary to identify in the functional (9) that part
which describes exactly the free vibrations of the
system. It is clear that it will be the functional in
following form:

Lh
1 o\ o\
=5 tfo f [p-nxztg2y(a—)t/)fEnx2‘tgzy (a—i) -

(1)
— 2mex-tgyy(x, t)] dxdt.

Substituting expression (10) in the functional (11),
we obtain:

0
= %;/va{p-ﬂxz.thy,goZ(x)pZ_COSZ(pt+a) _ En-xz «
| (12)
x tg")[g' (V)] sin’(pr+a) — 2mex 'th'coz(X)-sinz(thra)} dxdt.

Integrating the expression (12) with respect to # with-
in one period, we have:
h
s=Z[ { prXtgy g’ (NP’ — Enx'tgy[o ()]
2p; (13)
— 27rcx-tgy-go2(x)} dx.

According to the method of Ritz, values of the func-
tional (13) are considered on a set of linear combina-
tions of functions, i. e. expressions of the following
form:

o) =3 oy (), (14)

where o; are parameters corresponding to definition;
wi(x) — basis functions, which are specially selected
and are known, they satisfy the geometric boundary
conditions of the problem.

Thus, by substituting the expression (14) into expres-
sion (13), after appropriate adjustments we obtain:

S :ij[pnx g rP, 2 ‘/’z(x)‘//k(x)a ‘o, — Enx’ g’y x
(15)
X_kZ:) VY x)eo— 27rcx-tg;ikz:: I‘Vi(x)%(x)a,-'ak] dx

30

Next, we introduce the following notations:
h

f px ALy () y(X)dx = T,

/Enx 18y, () 0dx = U,
(16)
f 2rextgy v () yi(x)dx =

(k=12 .. n).

Substituting (16) into (15) gives the functional in the
form of the function with parameters a;, a,, ... o,:

S(a, a ..., a,) 2_[72 w0 Zylzzljlkaak
: (17

We investigate the extreme of the functional (17). To
do this, we will differentiate the expression (17) ac-
cording to parameters o, (i = I, 2, ..., n) and obtained
partial derivatives should be equal to zero. As a result,
we obtain the system of linear homogeneous equations
with the unknowns a;, a,, ... a,, from which (in turn)
we find the equation for the frequencies of Ritz for lon-
gitudinal vibrations of a continuous elastic body, fixed
in the soil:

pzTu_Un_Cu plez_Ulz_Clz . Tln Uln C
pZTZI_U21_C21 pszz_Uzz_sz p2T2n_U2n_C2n -0
......................................................................... (1 8)
pzTnliUnlicnl pzTn27lJnZiCn2 o p27—:7nil]nnicnn

In practice, usually only the lower frequencies are
determined, mostly the first and second one, which sig-
nificantly affect the considered technological process.

To determine the first (main) frequency of natural vi-
brations, the equation (18) takes the following form:

(19)

As a result of the solution of equation (19) we ob-
tain an analytical expression for finding the first fre-
quency:

pT,-U,-C, =0.

. ‘tgy + 2.
1:\/050515zgy 2207 ch 20)

0.917h/ p-tgy

For the calculation of the first eigenfrequency p, ac-
cording to the expression (20) we take (in accordance
with [15]) for the sugar beet 2 =250 mm, y = 14°, E =
= 18.4-10° N/m?, p = 750 kg/m*. According to [1] we
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take the coefficient ¢ of the elastic deformation of the
soil ¢ =2-10° N/m?.

From the calculation we obtain: p; = 496.4 ¢! or
p1 = 79 Hz, which (with a high degree of accuracy)
is consistent with the experimental data given in [16],
according to which p, is in the range 75—120 Hz, and
confirms similar data obtained theoretically in [17].

For the determining the first and second frequencies
the equation (18) takes the form:

pzTn_Un_Cn plez_Ulz_Clz —0. (21)
2 2
p TZI_UZI_CZ] p Tzz_Uzz_sz

Solving the equation (21) in the program Mathcad
with the same parameters as in the previous case, there
is obtained graphical dependence between the first, re-
spectively the second natural frequency of the body of
the root and the value of the coefficient of elastic defor-
mation of the soil (see Fig. 2, 3).

As we can see from the graph (Fig. 2), with chang-
ing values of the coefficient ¢ (coefficient of elastic
deformation of the soil) within the range (0—2)x
x10> N/m?, the values of the first angular frequency
p, increases monotonically in the range 480-587 s,
or the frequencies are in the range 76.4—93.4 Hz.

From the graph on the Fig. 3 can be seen that with
changing values of the coefficient ¢ (coefficient of
elastic deformation of the soil) within the range (0—2)x
x10° N/m?, the second eigenfrequency of free vibra-
tions varies in a small range: p, is from 3318 to 3344,
or the frequencies are in the range 528-532 Hz.

Now we turn to the study of forced vibrations of a
continuous elastic body. Purely forced vibrations will
occur in accordance with the law:

W(x, £) = p(x)sinwt,
where ¢(x) is the form of forced vibrations.

(22)

To determine the form of forced oscillations of the
body, we substitute the expression (22) in the function-
al (9), we obtain the following functional:

tLh
S, == { PIX gy g (x)cos wt —
-y
— Enx’tg’y[o'(x)]'sin’wt + Ho,(x—x)p(x)sin’wt —  (23)
— 2mex-tgy-g’(x)-sin‘wt }dxdt.

Integrating the expression (23) with respect to ¢ with-
in one period 7' = 27/, we have:
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Fig. 2. The dependence between the first eigenfrequency of the
longitudinal vibrations of the root and the coefficient ¢ of elastic
deformation of the soil (p01 — first angular frequency, pO11 —
first frequency, c11 — coefficient of elastic deformation)
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Fig. 3. The dependence between the second eigenfrequency
of the longitudinal vibrations of the root and the coefficient ¢
of elastic deformation of the soil (p02 — second angular fre-
quency, p022 — second frequency, c11 — coefficient of elastic
deformation)

h
S, =35/ {Pﬁxztgzy'coz(ﬂwz — Enx'tgy[p' ()] +
®
6 (24)
+ Ho,(x—x,)(x) — 2mex-tgye’(x) }dx.
According to the method of Ritz, we consider the

value of the functional (24) on the set of linear combi-
nations of the following form:

9(x) = ay(x), (25)
where a is the parameter corresponding to definition;
w(x) — basis function.
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By substituting the expression (25) into functional
(24) we obtain:

h
S, =35 [{peetey v (e’ - Erdigya Ty o + o6
0
+ Ho\ (x—x Joy(x) — 27rcx-tgy-azl//2(x)} dx.

We introduce the following notations:

h
[pitgyyiode =T, 27)
0

h
JEre gy ly () dv = U, (28)
0

h
f 2mex-tgy- v (x)dx = M, (29)
' h
f Ho,(x—x)) w(x)dx = L. (30)
0

Substituting expressions (27)—(30) into (26) we
obtain:

&=ﬁﬂdnﬁ4U+MmﬂLﬂ. (31)

Thus, on a set of functions (25) the functional (26)
becomes a function with the independent variable «,
which has the form (31).

The necessary condition for stationarity of the func-
tional (31) (i. e. the existence of an extreme) is that the
first derivative equals zero, namely:

oS, . _
Sa oo =0, (32)
which results in the following equation:
2w*To—2(U + M)a + L =0, (33)

from which we can find the required value of the pa-
rameter a. It will be:

a = L 5 .
2U+M-w'T)

(34)

We take as the basis function () the form of forced
longitudinal vibrations of the spike with constant cross-
section with one end strongly fixed, which arise under
the influence of the longitudinal harmonic force with
frequency w, applied at the point x = x;.

According to [9], the form of forced vibrations of
mentioned spike is as follows:

w(x) = D;sin ax for x <x, (35)

32

w(x) = D,cos a(h—x) forx>x, (36)
where
P o
= s a9
a= w\/;LF, 39)

1 — momentum of the spike; F' — cross-sectional area
of the spike; £ — Young’s modulus for the material of
the cone-shaped elastic body; /4 — length of the elastic
conical body; w — the frequency of forced vibrations of
elastic conical body.

It is easy to check that the boundary conditions for
basis functions (35) and (36) are satisfied and there-
fore, taken basis functions satisfy the requirements of
the Ritz method.

To determine the parameter a we calculate the pa-
rameters 7, U, M and L.

The result is:

T= prte {Dz (x_f_ x'sin 2ax,  x,cos 2ax,
prg Yy, 6 4a 4
sin 2ax]) , [h3 x’  x'sin 2ah - 2ax,)
— |+ —— 4+ + (40
* 8a’ L6 6 4a (40)

_h x.cos (2ah —2ax,)  sin (2ah - 2axl)]}
4da’ 4da’ 8a’ ,
Dax’ Dd'(h’—x)) x’,asin 2ax
— 2 1 1 + 2 1 2 ( 1 1
U = Ertg y[ 3 3 D, — 1

x,cos 2ax,  sin 2ax, ) ) (leaSin (2ah —2ax,)
= - D, +
4 8a 4

+

h  xcos (2ah —2ax,)  sin (2ah —2ax,) )] @1
4 4 8a ’

2 .
M= 27rcD21tgy (ﬁ ~x;s8in 2ax,

1 —cos 2axl)
+ +

4 4a 8a’
l1—cos2a(h—x) (h—x)  hh—x)
+ 27rcD22tgy[ 7 L 1 — + 5 Lt
x,sin 2a(h —x))
g U,
] (42)
L = HD sin ax,. (43)

Substituting expressions (40)—(43) into the expres-
sion (34), we obtain the necessary value of the pa-
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Fig. 4. The dependence of the amplitude of forced longitudinal vibrations of the conical body of root fixed in the soil in rela-
tion to the coefficient ¢ (coefficient of elastic deformation of the surrounding soil) and to the distance x (distance between the

cross-section from the conditional point of fixation x,, Hz)

rameter o, whereby the functional (24) has a station-
ary value.

Considering the expressions (25), (35) and (36), we
obtain expressions for the form of forced oscillations of
a continuous elastic body fixed in the soil. They have
the following form:

@(x) = oD, sin ax, for x <x,,

@(x) = a-D, cos a(h —x), for x > x|, (44)

where a is defined according to (34).

Substituting the expression (44) into (22), we finally
obtain the law for forced vibrations of a continuous
elastic body fixed in the soil:

y(x, t) = D,a-sin ax-sin wt, for x < x,,

y(x, t) = Dya-cos a(h —x)-sin wt, for x > x,.  (45)

On the basis of the results of theoretical investi-
gations of forced vibrations of a continuous elastic
body (root of sugar beet) fixed in the soil, we made
the specific computation of the amplitude of these
vibrations.

In the program Mathcad it was realized the calcu-
lation of the dependence of the amplitude of forced
longitudinal vibrations of the conical body in re-
lation to the ¢ — coefficient of elastic deformation
of the soil and to the distance of the cross-section
of the root body from conditional point of fixation
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at the frequency of the perturbing force v = 10 Hz
and v = 20 Hz and at the amplitude of this force
H =500 N.

According to the calculated results there were crea-
ted graphs (Fig. 4).

As can be seen from the graphs, with increasing
of the coefficient ¢ (elastic deformation of the sur-
rounding soil) the amplitude of forced vibrations of
the root decreases, with increasing of the distance
between the cross-section of root and the condi-
tional point of fixation for x < x, the amplitude of
the opposite — increases, while for x > x, — almost
unchanged.

We calculated also the correlation between the
amplitude of forced longitudinal vibrations of the
mentioned elastic body and the amplitude of the
perturbing force at the frequency v = 20 Hz for the
same parameters of the body, as above. The cal-
culation was realized using the program Mathcad
where the perturbing force was changing in the
range 100-600 N for different cross-sections of the
body. The graphs shown in Fig. 5 are the results of
this calculation.

As can be seen from graphs, with an increase in the
amplitude of the perturbing force the amplitude of
forced longitudinal vibrations of the body of the root
increases linearly. While, below the point of fixation
(x < 0.15 m) with the increase in the distance of the
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Fig. 5. Dependence between the amplitude of forced longitu-
dinal vibrations of the elastic body of root and the amplitude
of the perturbing force (x < x,, v=20 Hz)

root cross-section from the conditional point of fixa-
tion O, the amplitude also increases. Thus, for x =
0.07 he range of the amplitude is 0.13—0.8 mm; for x =
= 0.1 m - in the range 0.19-1.14 mm; for x =
= 0.12 m — in the range 0.23-1.36 mm; for x =
0.15 m (point of fixation) — in the range 0.28-1.7
mm. However, above the point of fixation (x > 0.15 m)
with the increase in the distance of the cross-section
of the root from the conditional point of fixation O,
the amplitude remains almost unchanged.

Because the first eigenfrequency of the considered
example of a sugar beet as an elastic conical body is
not less than 75 Hz, and the frequency of the perturbing
force by for technological and technical reasons cannot
be greater than 20 Hz, the resonance case is not pos-
sible, in fact. In addition, the calculated value of the
amplitude of forced longitudinal vibrations of a root
crop body, which is in the range 0.13—1.7 mm shows
that the rupture of the root at its longitudinal deforma-
tion is also impossible.

CONCLUSIONS

On the basis of the use of the variation principle
of Ostrogradskij-Hamilton we obtained equations
for calculation of the natural frequencies of any
order for longitudinal vibrations of a continuous
elastic body with one fixed end. Thus, there were
obtained the analytical expressions for finding the
first and second eigenfrequency and also expres-
sions for finding the amplitude of forced vibrations
for any cross-section of a continuous elastic body
with respect to its balance position. Given theoreti-
cal analyses open up opportunities for study the
process of disruption of connections of crop roots
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with the soil during their harvesting by vibrational
method.
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3 CrioBanpKuii arpapuuii yaiBepcuret B Hitpi

Meta. CTBOPUTH TCOPIIO MO3IOBKHIX KOJHBAaHb CYILIBHO-
ro TPYXKHOTO Tila y TPYKHOMY CEPEIOBHINI 3 OIHUM
3akpimieHuM Kinuem. [Ipukianom Takoro tiza Moxe OyTH
PO3TalIOBaHUH y IPYHTI KOPEHEIUTJ IyKpoBOro Oypsika,
IPUYOMY TIPYHT, Yy SKOMY BIH 3HAXOOUTBCS, TaKOXK €
IpYXHUM cepenoBuieM. MeToan. 3aCTOCOBAaHO MPHHIIUI
cramionapHoi aii Octporpancekoro—I aMiasToHa 1 METOX
Putna. Pe3ynbsTatn. 3a nomomororo Mmerony Purma ot-
pPUMaHO PIBHSAHHA 4acTOT PHUTHA AJS AOCIHIIXKYBAaHOTO KO-
JMBAJBHOTO TIpouecy. BummcaHo anamiTHYHI BUpaswl st
BU3HAYEHHs MepIIoi i Apyroi BIAaCHUX YacTOT KOJIHMBAHb
Tia 1 aMIUTITYAW BUMYIICHHX KOJIMBaHb Oy/b-SKOTO HOTO
MOTNIEPEeYHOro Tepepisy. 3HaiIeHO BEIMYMHH IepuIoi i
Jpyroi BJIIACHUX YAacTOT NPYKHOTO Tila 3 KOHKPETHHMH
TEOMETPUYHUMHU 1 (i3uuHMMHU mapamerpamu. OjepikaHo
rpadiku 3aJIe)KHOCT] TepInoi i APyroi BIACHUX YACTOT BiJ
koeilieHTa mpyx)Hoi aedopmalii rpyHTy sIK IIPY’KHOTO Cce-
penoBHIa, a TakoX rpadikd 3aJeKHOCTI aMIUTITYIA BH-
MYIIEHHX KOJIMBaHb 3a3HA4YeHOro Tijia Bix koedilieHTa c
npyxHoi nedopmariii rpyHTy 1 BiJICTaHI MONEPEYHOro Ie-
pepi3y Tina Big yMOBHOI TOYKH 3akpirmieHHs. CKIaaeHo
rpadiky 3aJIeKHOCTI aMIUTITYAM BAMYIICHHX KOJNHBAHB TPYXK-
HOTO TiJla BiJ 3MIiHH aMIUTITyAHM i 9acTOTH 30yprOBajbHOT
cui. BucHoBku. OOGTrpyHTOBaHO HEMOXKIIMBICTh HACTAHHS
PE30HAHCY, OCKUTBKH YacToTa 30ypIOBabHOI CHJIM HE MO-
K€ JOPIBHIOBATH YaCTOTI BIACHUX KOJIMBAHb ITPYKHOTO Tijla
3 TEXHOJIOTIYHUX 1 TEeXHIYHHX NpuuuH. JloBeaeHo, Imo de-
pe3 Mali po3MipH aMILTITYIH MMO3IOBXKHIX KOJIHBAaHB MPYK-
HOTO TiJIa 0TO PO3pPUB IIPH MO3JOBXKHIX AedopMalisx He-
MOXJIUBUIL.

KirouoBi cioBa: cyminpHe mpykHE TiNTO, TpYKHE cepe-
nmoumie, pyakmioHan OcTporpaacskoro—I aMiasToHa, TO3-
JTOBXHI KOJMBaHHS, BIAcHI (POPMH 1 4aCTOTH, MeTo[ Putiia.

AGRICULTURAL SCIENCE AND PRACTICE Vol.3 No.1 2016



THE THEORY OF LONGITUDINAL VIBRATIONS OF A CONICAL ELASTIC BODY IN AN ELASTIC MEDIUM

Teopust npogoJbLHBIX KoJIe0aHHIT KOHYCO0OPAa3HOTO
YHPYIoro Tejia B ynpyroii cpeae

B. M. Bynarakos !, B. B. Anamuyk 2,
W. B. Tonosau !, JI. Opcarosa *

! HarmoHanbHbIH YHHBEPCUTET OHOPECYPCOB U
MIPUPOIOIOIb30BaHUS YKPAUHbI
V. T'epoe O6oponsl, 15, Kues, Yikpauna, 03041

e-mail: vbulgakov@meta.ua

2 HaroHaTBHBIN HayIHBIN 1ICHTP “MHCTHTYT MeXaHH3amnu
1 SJCKTPUPHUKAIIAN CETBCKOTO X03sicTBa”
HAAH VYkpaunst
V. Boxzansnas, 11, I'meaxa-1, BacunskoBckuii p-H,
Kwuesckas 061., Ykpanna, 08631

e-mail: adamchukvv@mail.ru
3 CroBaukuii arpapHblii yHuBepcuteT B Hutpe

Heab. Co3nark TEOPUIO MPOMOJIBHBIX KOJICOAHHA CIUIONI-
HOTO YIpPYToro Tena B YHPYToil cpele ¢ OIHUM 3aKper-
JICHHBIM KOHIIOM. [IprMepoM Takoro Tena MOXET OBITh
PAcCIIONIOKEHHBIN B TIOYBE KOPHEIUIOJ CAXapHOW CBEKIJIBI,
IIPUYEM M04YBa, B KOTOPOH OH HAXOAWTCS, TAaKKe SBI-
ercst ynpyroi cpenoi. Metoabl. IlprMeHeHBl NpUHIUI
cTannoHapHoro aenctBus Octporpaackoro—I aMuisToHa U
meron Purna. Pesyabrarel. IIpu nomomu merona Purna
MIOJTy4eHO ypaBHEHHe 4acToT PuTna st paccmarpuBaeMo-
ro KoiebaTeabHOTO IIpolecca. BhImucaHbl aHATUTHYECKUE
BBIpQKECHHUS IS OTpENeNIeHUs] TIepBOW W BTOPOH COOCT-
BEHHBIX 4YacTOT KoJeOaHWil Tena u AMIIIUTYAbl BBIHYX-
JICHHBIX KoJieOaHMH JI000r0 €ro IIOIepevyHOro CEeYEeHUsI.
Haiinensl 3HaueHus! IEpBOM M BTOPOH COOCTBEHHBIX dYac-
TOT PaccMaTpUBacMOr0 YHPYroro Telda ¢ KOHKPETHBIMHU
TEOMETPUYSCKUMHI W (pusudecknumu mapamerpamu. Cocras-
JieHbI rpa)uKd 3aBHCUMOCTH TIEPBOM U BTOPOU COOCTBEH-
HBIX YacTOT OT Kod(duirenTa ynpyroit aedopmanun mou-
BBl KaK YNPYroi cpeipl, a Takke rpadukid 3aBUCHMOCTH
aAMIUIATYJbl BBIHYX/ICHHBIX KOJICOAHWH YKa3aHHOTO Teja
oT ko3 dunmeHTa ¢ ynpyroi nedopManuu IMOYBE U pac-
CTOSIHUSI TIOTIEPEYHOr0 CEUEHHs Tesla OT YCIOBHOM TOYKH
3akperuieHus. [lomyueHsl rpadyku 3aBUCMMOCTH aMILIU-
TyIbl BBIHY)KJCHHBIX KOJICOAHMH YHpPYroro Teia OT H3-
MEHEHHsI aMIUTUTYIbl W YacTOThl BO3MYIIAIOUIEH CHIIBL.
BriBoabl. O00cHOBaHa HEBO3MOXKHOCTH HACTYIUICHHS pe-
30HAHCA, TIOCKOJIbKY YacTOTa BO3MYILAOIIEH CHIIBI HE MOXKET
OBbITh paBHA YACTOTE COOCTBEHHBIX KOJCOAHHI yIPYroro Te-
Jla 10 TEXHOJIOTUYECKUM M TEXHHYECKHM NpuuuHaM. Jlo-
Ka3aHo, 4TO M3-32 MAJIOCTH aMIUTUTY/IbI IIPOIOJIBHBIX KOJle-
OaHMif ynpyroro Tesia €ro paspblB HPH MPOJOJIBHBIX Jie-
(hopmannsx HEBO3MOXKEH.

KoioueBble ci10Ba: CIUIONIHOE YIIPYroe TeJo, ynpyras cpe-
na, ¢ynknnonan Octporpajckoro—I aMuiIbToHa, MPOIOIIb-
HBIe KoJeOaHWsI, cOOCTBEHHBIE (DOPMBI W YAaCTOTHI, METOM
Purna.
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